We study the quasinormal modes for scalar, axial and radial perturbations of massive static spherically symmetric wormholes supported by a phantom scalar field, calculating the modes directly and employing the WKB approximation. The spectrum of the quasinormal modes is compared with the spectrum of Schwarzschild black holes. For fixed multipole number l and large mass M the wormhole modes approach their black hole counterparts as 1/M .
I. INTRODUCTION
Wormholes represent hypothetical astrophysical objects connecting two distant regions within the Universe (intra-universe wormholes) or two distinct asymptotic regions (inter-universe wormholes) [1] [2] [3] . In the simplest case wormholes feature a single throat, which constitutes a minimal surface of the spacetime.
The probably best known example of a non-traversable wormhole is the Einstein-Rosen bridge, which actually is a special case of the Schwarzschild black hole, obtained by performing a coordinate transformation [4] . In contrast, the construction of traversable wormholes in general relativity (GR) requires the presence of exotic matter [1] (at least in the case of minimally coupled fields). Let us note, that phantom matter can be applied in cosmology to describe the accelerated expansion of the Universe (see e.g. [5] ).
The static spherically symmetric Ellis wormholes [6] [7] [8] are the simplest examples of such traversable wormholes which are supported by a phantom field, i.e., a form of exotic matter. Ellis wormholes have been generalized to higher dimensions [9, 10] and they have been put into rotation [11] [12] [13] [14] , they have been embedded in scalar-tensor theory [15] , and they have been generalized to feature a complex phantom field [16] .
A number of observational signatures have been proposed for astrophysical searches for wormholes, which include their gravitational lensing [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , their shadows [26, [29] [30] [31] [32] , signatures of their accretion disks [33] [34] [35] [36] [37] , or their possible distinguishing features as black hole alternatives (see e.g. [26, [38] [39] [40] [41] [42] [43] [44] ). Moreover, there are recent studies on new configurations involving wormholes, such as neutron star-wormhole systems [45] [46] [47] [48] [49] , or boson star-wormhole systems [50] [51] [52] [53] .
The recent detection of gravitational waves by LIGO/Virgo from the merger of binary black holes [54] [55] [56] [57] , and binary neutron stars [58] has made the investigation of the emission of gravitational waves from mas-sive compact objects highly relevant. In this connection wormholes have received much attention, since they might mimick black holes [26, [38] [39] [40] [41] [42] [43] [44] . In particular, quasinormal modes of several types of wormholes have been considered to some extent [42, 44, [59] [60] [61] [62] [63] .
A quasinormal mode analysis not only yields the ringdown modes of a wormhole, it also reveals the stability or instability of the perturbed object. In the case of the simplest traversable wormholes, the Ellis wormholes, it has been known for some time, that they possess an unstable radial mode [64] [65] [66] [67] . But a quasinormal mode analysis has so far only been performed (in part) for the symmetric, massless Ellis wormhole [59] . A study of the physically more interesting massive case has not yet been done. However, since astrophysical objects are expected to rotate, the true goal should be to investigate the quasinormal modes of rotating Ellis wormholes, which might even be free of the radial instability of the static wormholes [10, 68] .
As a very first step towards this goal, in the present paper we calculate the quasinormal modes of massive static phantom wormholes numerically by direct integration and with the WKB method. We show that in the massless case our numerical results are in close agreement with Kim's results, who calculated the fundamental scalar (l > 0), electromagnetic and axial (l > 2) quasinormal modes employing the WKB method [59] . We also compare the quasinormal mode spectrum of the Ellis wormholes with the one of the Schwarzschild black holes.
II. PHANTOM WORMHOLES
We consider GR coupled minimally to a massless phantom field φ. The action is then given by
By varying the action with respect to the metric and the phantom field, the equation of motions are obtained
FIG. 1. Embedding diagrams of wormholes with C = −1, 0, 1, respectively, from left to right.
The solutions for the static spherically symmetric Ellis wormholes are known in closed form [6] [7] [8] 
with
where r 0 , Q and C are constants. The field equations impose 4Q 2 = C 2 + 4r 2 0 . The radial coordinate r ranges from −∞ to ∞.
As r → +∞, f → 0, and the metric evidently approaches Minkowski spacetime. As r → −∞, a coordinate transformation 
reveals asymptotic flatness in this limit as well. Thus the spacetime has two asymptotically flat regions, which are connected by a throat, as an inspection of the circumferential radius R(r),
shows.
Concerning the global charges, the constant Q denotes the charge of the phantom field. The constant C can be read off from the asymptotic expansion at r → ±∞ as
where M denotes the mass extracted in the asymptotically flat region, r → +∞. The constant C represents also a measure of the symmetry of wormhole. The wormhole is symmetric with respect to r = 0 when C = 0, and the wormhole is asymmetric when C = 0. The symmetry/asymmetry is visualized in the embedding diagrams in Fig. 1 .
It is interesting to note that there exists a relation between solutions with a positive value of C and with a negative value,
We will see that this relation relates the part of the spectrum of quasinormal modes with C < 0 with the C > 0 part.
III. PERTURBATIONS OF THE WORMHOLE
In this section we will briefly introduce the equations describing perturbations of three different types. First we will consider scalar perturbations, where only the scalar field is perturbed with no backreaction from the metric. Then we will consider axial perturbations, which do not couple to the phantom field. Finally we will address radial perturbations, which couple to both the metric and the phantom field, and give rise to the well-known radial instability [64] [65] [66] .
A. Scalar Perturbations
The perturbation of the phantom field over the static background WH can be written like
The ansatz for the scalar perturbations is
with P l (cos θ) a Legendre polynomial. The equation of the perturbation is determined completely by the Klein-Gordon equation (Eq. (3)), and can be written as a second-order ODE
Let u(r) = Z(r)e f /2 (r 2 + r 2 0 ) −1/2 , then the above ODE can be written as a Schrödinger-like equation,
with effective potential V s (r),
and tortoise coordinate r * ,
where the tortoise coordinate is chosen to have the same sign as the radial coordinate r.
In Fig. 2 we show typical profiles of the scalar potential V s (dashed lines) vs the compactified tortoise coordinate 2/π arctan (r * /r 0 ) for multipole number l = 2, r 0 = 1 and several values of the mass M . For a fixed value of l and sufficiently large values of the parameter C, the potential becomes negative at some point. This happens when
However the integral
does not become negative, and we will see that there is no sign of unstable modes for these perturbations. Note that with respect to the sign of C, the relations
imply
B. Axial Perturbations
For a small perturbation h µν in the background spacetime g
µν , the full metric can be written as
where ǫ is an infinitesimal positive number.
The odd-parity perturbation h µν then takes the form [69] 
with S θ = e imϕ sin θ∂ θ P l (cos θ). The perturbation is determined by the Einstein equations, which reduce to the following minimal set of ODEs
Defining h 1 (r) = Z(r)e −3f /2 (r 2 + r 2 0 ) 1/2 , this system of equations leads to a Schrödinger-like equation,
with effective potential V A ,
and the tortoise coordinate Eq. (16).
In Fig. 2 we show typical profiles for the axial potential V A (solid lines). Note that the axial and the scalar potentials show the same basic behaviour. Therefore one can expect the qualitative properties of both quasinormal mode spectra to be similar.
Similar to the scalar case the integral (26) is always positive, and we don't find any trace of unstable modes for these perturbations. It is straightforward to check that the eigenvalue ω satisfies also the symmetry relation (20) .
C. Radial Perturbations
In the case of radial perturbations, we perturb both the metric and the phantom field
where now the metric perturbation is
) and the scalar perturbation is as in Eq. (12) with l = 0.
The gauge freedom is fixed by the condition 2F 2 +F 0 − F 1 = δφ = 0. Then the perturbation equations are given by
Defining
with the effective potential V R ,
Note that the eigenvalue ω also satisfies Eq. (20) .
Although the radial potential V R is singular at the throat r = C/2, it was shown in [65] that Eq. 29 can be transformed into a regular equation. However, for the purpose of calculating the spectra, we will just integrate the system of equations (28) in order to obtain the radial unstable modes.
IV. NUMERICAL METHODS

A. Direct Integration
For the study of the quasinormal modes describing the ringdown phase, we are interested in gravitational waves being radiated away from the wormhole. From the form of the Eqs. (14), (24) and (29), we can see that asymptotically as r → ∞, the outgoing perturbation will behave like r → ∞ ⇒ Z(r, t) ∼ e iω(r * −t) ∼ e iω(r−t) .
On the other side of the throat of the wormhole, we also want the wave to be outgoing at infinity, meaning
where ζ = e Cπ/r0 is introduced because of the coordinates not being asymptotically flat at this side of the throat.
In practice these conditions mean that an unstable perturbation will have ω I < 0, i.e., the perturbation grows exponentially with time, and the perturbation function Z(r) vanishes for r → ±∞. To obtain such unstable modes for the radial perturbations we integrate the second-order ODE together with the auxiliary differential equation,
where we promote ω to a trivial auxiliary function E ≡ ω 2 . The system is supplemented with the following boundary conditions,
where r c is an arbitrary point −∞ < r c < ∞.
On the other hand, stable perturbations are damped exponentially as time passes, meaning ω I > 0, and the radial perturbation function Z(r) explodes exponentially at both infinities.
In order to obtain the quasinormal modes of the axial and scalar perturbations numerically, we divide the space at some value r c into two distinct parts. For r > r c , we parametrize the asymptotic behaviour of the perturbation function Z(r) for r → +∞ according to [70] r > r c , Z + (r) = e iωr * Z P (r) .
Here the leading terms in the asymptotic expansion of Z P (r) are
Now the leading terms in the asymptotic expansion of Z N (r) are
For a particular value of ω, we generate solutions of the functions Z N (r) and Z P (r), satisfying the expansions close to the infinities, and Z P (r c ) = Z N (r c ) = 1. The quasinormal modes are obtained when the condition
is satisfied. In order to integrate numerically the equations imposing the corresponding boundary conditions, we use the package Colsys [71] .
B. WKB Method
In addition to the previous numerical method by direct integration of the perturbation equations, we have studied the spectrum of the axial and scalar perturbations using the WKB method up to third order [72, 73] . In this case the eigenvalue ω can be approximated by the expression
where
with the (J)-th derivative of the potential evaluated at the maximum of V
and the excitation number n
Here we will focus on the fundamental modes, with n = 0. Let us note that the WKB method breaks down in a particular case of the axial potential. For C = 0 (massless wormhole), the peak of the potential is at r = 0, and the second derivative is
which vanishes when l = 2. Hence the WKB approximation of the l = 2 mode diverges when the wormhole mass vanishes.
V. RESULTS AND DISCUSSION
With the use of the methods described above, we have calculated the spectrum of modes for each type of perturbation. Let us now discuss our results for all three types, starting with the radial perturbations, that give rise to the well-known radial instability [64] [65] [66] .
A. Unstable radial mode
In Fig. 3 we show the scaled imaginary part for the eigenvalue ω I (M + r 0 ) vs the scaled mass M/(M + r 0 ). The unstable mode extends from the case of a massless wormhole at M = 0 to the case of an infinitely massive one at M/(M + r 0 ) = 1. We have fixed r 0 = 1 in the figure, although this parameter can always be rescaled by a change of the radial coordinate and mass. We here focus on the results for positive values of C, since negative values are obtained from the positive ones via Eq. (20). The unstable mode possesses a purely imaginary eigenvalue, i.e., ω R = 0, thus the mode increases exponentially as time passes. The figure shows that the smallest value of ω I is obtained for the massless wormhole, where ω I = −1.182. On the other hand, ω I approaches zero with increasing mass, decaying as ω I ∼ 1/M . In fact, extrapolating the numerical data yields lim M→∞ ω I M ≈ −0.23003.
B. Scalar Perturbations
Next we present the spectrum of quasinormal modes for scalar perturbations. The modes in this case always correspond to stable perturbations that are exponentially damped in time.
In Fig. 4 we show the difference between the modes calculated with the direct integration method and the WKB, as a function of the mass of the wormhole M . In general what we can see is that the larger the l number, the closer is the WKB method to the direct integration. For l = 0 the difference is the largest. In general increasing the mass also reduces the difference between the two methods, making the WKB a better approximation for the more massive wormholes. Note, however, that in general the direct integration method loses precision for mass M 1.5. In fact, for l = 0, 1 the direct integration method becomes rather unstable when M 1, and we do not include the results in the figure. Thus for larger masses the WKB seems to become more precise than the direct integration method. Overall the qualitative features of the spectrum are very well approximated by the WKB method in all cases.
In Fig. 5 we show the real part of the eigenfrequency as a function of the mass. We focus on positive values. Solid lines correspond to the modes of the worm- hole, and dashed lines correspond to the modes of the Schwarzschild black hole of the same mass. In the figure we also include results for different multipole numbers: l = 0, 1, 2, 3 and 4 in black, yellow, blue, red and green, respectively. Note that the modes of the Schwarzschild black hole behave like ωM = const. Hence they diverge at M = 0. The value of ω R for a wormhole of a given mass M is always below the corresponding value of a black hole of the same mass, except for l = 0, where they cross at M = 0.46 . The difference between wormholes and black holes decreases as the mass increases. Note that for a fixed value of the mass, the difference increases as the multipole number l increases.
In Fig. 6 we show the analogous figure for the imaginary part of the eigenvalue ω. For a fixed value of the mass M , the value of ω I for the wormhole is always smaller than the value for the black hole. It is interesting to note that the imaginary part does not depend very much on the multipole number l. Hence the modes of the wormhole are very close to one another, with the largest difference for the multipole l = 0. Moreover, as the mass is increased, the wormhole modes come closer and closer to the corresponding Schwarzschild modes.
From these figures we conclude that very large wormholes possess a quasinormal mode spectrum very similar to the one of black holes. Hence the ringdown phase of a purely scalar perturbation will look very similar to the ringdown of a test scalar in the background of a Schwarzschild black hole.
However, the differences between both spectra become larger and larger as the mass is reduced. Thus small wormholes possess a ringdown with smaller frequencies (ω R ) and larger damping times (1/ω I ) than a test field in the background of a black hole.
C. Axial Perturbations
We now turn to the spectrum of quasinormal modes of axial perturbations. As in the previous case of scalar perturbations, the modes always correspond to stable perturbations that are exponentially damped in time.
In Fig. 7 we show the difference between the modes calculated by direct integration and the WKB method. Analogous to Fig. 4 , the larger the multipole number l the closer are both results. This remains true as the mass is increased. Note, however, the problem of the WKB method in the l = 2 massless case [59] . As dis- cussed above, in this case the frequency and damping time become singular, and the WKB method fails.
In fact the calculation of the mode for small masses deviates too much, and can only be trusted for M 0.1. Except for these particular cases, the qualitative features of the spectrum are again very well approximated by the WKB method.
In Fig. 8 we show the real part of the eigenfrequency as a function of the mass, focusing on positive values. We compare the spectrum of the wormhole (with solid lines) with the spectrum of the Schwarzschild black hole (with dashed lines), and colors correspond to different multipole numbers, with l = 2 in blue, l = 3 in red and l = 4 in green.
The result is very similar to the case of purely scalar perturbations: for a fixed value of M , the real part of ω is always below the corresponding value for the black hole. The difference is largest for the massless case (for which the frequency of the black hole diverges, while it is finite for the wormhole). However, as the mass is increased, the spectra come closer to each other, and the modes of the wormhole become very well approximated by the modes of the black hole. Note, that when the value of the mass is fixed, an increase of the multipole number l leads to an increase of the difference between the spectra. Hence wormholes and black holes could be distinguished by comparing their high multipole spectra.
In Fig. 9 we show the imaginary part of ω vs the mass. The behaviour is slightly different from the scalar case (Fig. 6) , for which the imaginary part did not depend very much on the multipole number. In the axial case, increasing the multipole number l leads to an increase of the value of ω I (for fixed M ). Nevertheless, the value of ω I of a wormhole is also always below the value of ω I of a black hole.
Hence the results are qualitatively similar to the scalar case. The frequencies that will appear during the ringdown phase of an axial perturbation will be smaller in the case of a wormhole as compared to a black hole of the same mass. On the other hand the damping times are larger. However, very large wormholes will have spectra very similar to very large black holes.
D. Comparison of the spectra of massive wormholes and massive black holes
In the previous subsections we have seen that the spectra of massive wormholes come closer and closer to the spectra of Schwarzschild black holes as the mass is increased. Although the accuracy of the employed method of direct integration does not allow us to calculate the modes with sufficiently high precision in the large M limit, in a first approximation we can compare the analytical results for wormholes and black holes, obtained in the eikonal approximation. Note, that the effective potentials coincide for large l for scalar and axial perturbations.
In the eikonal approximation (l ≫ 1), a massive black hole (M ≫ 1) possesses the following approximate spectrum
In the case of a wormhole, using the WKB formulas (or equivalently the geodesic approach) and considering l ≫ 1 leads to the approximate eikonal spectrum
where e is Euler's number. Hence one finds for the fundamental mode
Thus for large l the modes approach each other as M increases, which is compatible with what we have obtained for the lowest multipole numbers, as well.
It is interesting to note that by considering the scaled modesω R = ω R M/(l + 1) andω I = ω I M in the eikonal approximation, the difference between the wormholes and black holes for each of these quantities is only 0.85% and 0.43%, respectively.
In the case of small values of l, the WKB approximation can be used directly to make such a comparison. Recall that in the large M regime this approximation is most likely better than the employed direct integration method. In Fig. 10 we show the difference between the wormhole modes and the black hole modes vs the mass, obtained in the WKB approximation. The result is similar to what the eikonal approximation shows: the difference approaches constant values, and the order of magnitude is very similar to what the eikonal approximation predicts, with a difference of less than 1%. It is interesting to note that the difference in the scalar modes is smaller than the difference in the axial modes.
VI. CONCLUSIONS
We have studied radial, scalar and axial modes of massive static wormholes supported by a massless phantom field. The background solutions depend on two parameters, a throat parameter r 0 and a symmetry parameter C, proportional to the mass M of the wormhole. Since the eigenvalues ω(C) and ω(−C) satisfy a simple relation, Eq. (20), we have focussed on the wormholes with mass M ≥ 0. To obtain the modes we have employed direct numerical integration as well as the WKB method and compared the results from both methods.
For the radial perturbations we have evaluated the eigenvalue ω of the unstable radial mode, which is a purely imaginary mode with a negative imaginary part ω I , i.e., the mode increases exponentially in time. The radial instability is well-known for vanishing wormhole mass [64] [65] [66] . Here we have determined its dependence on the wormhole mass.
We have obtained the spectrum of the scalar perturbations for multipole numbers l = 0, . . . , 4 and small masses, employing and comparing both methods. In fact, the larger the multipole number l, the smaller the difference between the methods becomes. Comparing the scalar wormhole modes with the corresponding scalar Schwarzschild black hole modes we note, that their difference decreases with increasing mass. Thus for large masses both spectra become very similar. In contrast, for small masses their difference grows strongly, since the black hole modes diverge for vanishing mass, while the wormhole modes stay finite.
We have analyzed the axial perturbations for multipole numbers l = 2, 3 and 4. Like the scalar perturbations, the axial perturbations always lead to stable modes. Whereas the l = 2 case is special, since the WKB approximation breaks down for vanishing mass, for higher multipole numbers l the difference between both methods is again overall small and decreases with increasing l. Comparison of the axial wormhole and black hole modes leads to similar conclusions as in the scalar case.
Since the direct integration method employed seems to become less reliable for large masses, while being rather close to the WKB method before, we have addressed the high mass limit of the scalar and axial modes by considering the eikonal approximation for large multipole numbers and ordinary WKB for small multipole numbers. We have found, that for fixed multipole number l the difference between the modes decreases with increasing mass as 1/M , but there are differences in the scaled spectra. In particular, the difference between the eikonal approximation and the WKB can be about 1%.
Concerning future observations of gravitational waves, it appears that the best chances to distiguish wormholes and black holes would be to consider low masses and low multipole numbers l, since the spectra become very different in that case.
